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The following Theorem is proved: Let K be a finitely generated field over its 
prime field. Then, for almost all e-tuples (tr) = (o-~,... ,or,) of elements of the 
abstract Galois group G ( K )  of  K we have: 

(a) If  e = l, then E,,,r(/((tr)) is infinite. Morover, there exist infinitely many 
primes l such that E(/((cr))  contains points of  order I. 

(b) If  e >= 2, then E,,r(/((tr)) is finite. 
(c) If e ~ 1, then for every prime I, the group E(/( ( t r ) )  contains only finitely 

many points of an l-power order. 
Here/~( t r )  is the fixed field in the algebraic closure/~ of K, of or,, • • •, tr,, and 

"almost all" is meant in the sense of the Haar measure of G(K) .  

§ 1. Presentation of the problem 

1.1. Introduction 

By an elliptic curve E defined over a field K we mean a projective absolutely 

irreducible curve E of genus 1 defined over K and equipped with a distinguished 

K-rational point 0. An addition law is defined on the set of all points of E (in 

some universal field that contains K)  such that E becomes an abelian variety 

with 0 as the zero point. If char (K) ~ 2, 3, then E can be presented by the affine 

Weierstrass canonical form y 2 =  4 X  3 _  g 2 X -  g3, where g2, g 3 E  K (see Ro- 

quette [23, p. 70]). Here 0 is the point at infinity of the curve. The K-rational 

points of E form a subgroup, E(K) ,  of E whose torsion part is denoted by 

E,,,r(K). The main interest in the theory of elliptic curves lies in the exploration 

of the properties of the groups E ( K )  and E,or(K) for various K's.  The most 

important result is given by the Mordell-Weil Theorem, that handles the case 
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where K is finitely generated over its prime field (K is then said to be finitely 
generated). 

MORDELL-WExL THEOREM. I f  E is an elliptic curve defined over a finitely 

generated field, then the group E ( K )  is finitely generated. 

For a proof of this theorem see e.g. Lang [12, p. 92]. One can split the theorem 

into two parts. 

(a) The rank of E ( K )  is finite. 

(b) The torsion group, E,or(K), is finite. 

Recently Mazur gave a bound for the order of E,o,(Q) that depends only on Q 

(see [19]). Whether there exists a bound for rank(E(K))  that depends only on K, 

is still an open question. If L is a finite extension of K, then L is also finitely 

generated, hence both rank(E(L))  and E,or(L) remain finite, but they are 

possibly larger. If L is an infinite extension of K, then rank(E(L))  and E,o,(L) 

may but must not be finite (cf. [19] and [11]). More precise statements about the 

behaviour of these quantities can be made in the case where L is "close" to the 

algebraic closure,/( ,  of K. By "close" we mean that the absolute Galois group, 

G ( L )  = ~d(L~/L) of L (Ls is the separable closure of L)  is finitely generated (in 

the topological sense). 

To be precise, consider the absolute Galois group, G(K) ,  of K. For every 

(or) = ( o ' , ' - - ,  t r , )E G ( K )  e let K~(o') be the fixed field in K, of o-~,-.., o',. The 

maximal purely inseparable extension of K~(o') is denoted by /((tr). It is the 

fixed field in /(  of the unique extensions of o'~,. . . ,  crt to /(. 

In [5, p. 124] Frey and Jarden proved the following 

THEOREM. Let K be an infinite finitely generated field. Then for almost all 
(cr)E G ( K )  ~ and for every elliptic curve E defined over K,(tr), the rank of 

E(K~(cr)) is infinite 

Here "almost all" is meant in the sense of the Haar measure of G(K) .  (See 

section 1.2 for details.) 

Certainly the Frey-Jarden theorem remains valid if the fields Ks(o') are 

replaced by the fields/((or). It remains therefore to consider the torsion part of 

the groups E(/((o-)). The situation here can be compared with the question of 

the torsion groups o f / ( (o ' )  ×. These are the groups of all roots of unity that are 

contained in /~(cr). In [10, p. 124] Jarden proved the following 

THEOREM. Let K be a field of a finite type. Then almost all (tr) ~ G(K)" have 
the following property : 
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(a) I f  e = 1, then K,( tr)  contains infinitely many roots of unity. 

(b) If  e >- 2, then Ks(tr) contains only finitely many roots of unity. 

One observes that unlike in Frey-Jarden 's  theorem, there is a distinction here 

between the case e = 1 and e -> 2. This distinction extends also to elliptic curves, 

where we prove the analogous 

THEOREM 1.1. Let K be a finitely generated field. Then, for almost all (tr) E 

G ( K )  ~ and for every elliptic curve E defined over I((tr) we have: 

(a) I / e  = 1, then E,or(/((o')) is infinite. Moreover, there exist infinitely many 

primes l such that E(/~(o-)) contains points o[ order l. 

(b) If  e => 2, then E,or(/((o')) is finite. 

(c) I f  e _-> 1, then for every prime L the group E(/((o-))  contains only finitely 

many points of an l-power order. 

Theorem 1.1 is our main theorem and the whole work is devoted to its proof. 

It turns out that in order to prove the theorem it suffices to prove the following 

seemingly weaker 

PROPOSITION 1.2. Let E be an elliptic curve with an absolute invariant j defined 

over a finitely generated field. Suppose that ] is contained in a finite field or 

K = Fp(j) or K -- Q(j). Then for almost all (or) E G(K)"  we have 

(A) If  e = 1, then there exist infinitely many primes l such that E( / ( ( t r ) )  

contains points of order I. 

(B) I f  e _-> 2, then there exist only finitely many primes l such that E(/((cr))  

contains a point of order I. 

(C) I f  e = 1 and I is a prime, then E( / ( ( t r ) )  contains only finitely many points of 

an l-power order. 

In the proof of Proposition 1.2 we distinguish between several cases. We 

consider the n-torsion group E,  of an elliptic curve E defined over K. Let 

p = char K. It is well known that if p ,~ n, then En = Z / n Z  @ Z / n Z  (cf. Cassels 

[2, p. 219]). In this case Kn = K ( E , )  is a Galois extension of K and G, = 

~ ( K , / K )  is isomorphic to a subgroup G ( n )  of GL(2,  n ) =  GL(2,  Z /nZ);  the 

action of G,  on E,  is transferred by this isomorphism to the action of GL(2,  n) 

on Z / n A  ~ Z / n Z .  Our proof of Proposition 1.2 is based on a good knowledge 

of G(n) .  It turns out that there are four completely distinct cases. 

Case I. p = 0 and E has no complex multiplication. Then G ( n )  is "a lmost"  

equal to GL(2,  n). This follows from classical results of Weber  (cf. Lang [16, p. 

68]) as well as new results of Serre (see [25, p. 260]). 
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Case II. K = Fp(j) and j is transcendental  over  Fp. If p I n, then G ( n )  = 

{A E GL(2,  n ) l d e t  A is a power of p}, by Igusa [8, p. 469]. 

Case III.  K is a number  field and E has a complex multiplication. Here  G ( n )  

is "a lmos t"  abelian and I G ( n ) l  has the order of magnitude n 2. To prove this we 

apply classical results of Weber  that use class field theory. 

Case IV. The invariant j is contained in a finite field and thus E is isomorphic 

(over a finite separable extension of K)  to an elliptic curve E '  defined over  a 

finite field. G ( n )  is "a lmos t"  cyclic. We prove a somewhat  stronger theorem and 

use the Riemann Hypotheses  for elliptic curves. 

The fact that Theorem 1.1 is true in all the possible cases makes the following 

generalization plausible. 

CONJECTURE. Theorem 1.1 remains valid even if one replaces E by an arbitrary 

abelian variety A. 

Notation 

Z = the ring of integers. 

Q = the field of rational numbers.  

Fq = the field with q elements. 

l = a variable for prime numbers.  

Zt = the ring of l-adic integers. 

Q~ = the field of l-adic numbers.  

K = a finitely generated field. 

L = an extension field of K. 

/(  = the algebraic closure of K. 

/(5 = the separable closure of K. 

G ( K )  = ~ ( K s / K )  = the absolute Galois group of K. 

/ ( ( t r ) - - t h e  fixed field of ( t r )=  (o"1,..., o-~)E G(K)"  in /(. 

p - - the  characteristic of K. 

o rd ,p  = the order of p modulo n (n is relatively prime to p). 

I A I = the cardinality of a set A. 

SL(2, n) = SL(2, Z/nZ) .  

GL(2,  n) = GL(2,  Z/nZ) .  

E = an elliptic curve defined over K. 

E(L) -- the group of L-rat ional  points of E. 

E, = {e ~ E ( K ) I  n P =  0}. 

E , ~ =  U E,,. 



Vol. 31, 1978 TORSION POINTS OVER LARGE FIELDS 261 

E,or = the torsion part of E. 

K.  = K ( E . ) .  

O. = (~(K./K).  

K,~= U K(E,~) • 
i > l  

G, ~ = ~3(K,~/K) = lim Gt,. 
<...._ 

T~ = l i m E e =  the Tate  module  of E at /. 

1.2. The Haar measure of a profinite group 

Every  profinite g roup  G has a canonical  topology  that makes  it a compac t  

group.  There  is therefore  a unique way to define a H a a r  measure  IX = Ixo on G 

such that IX(G) = 1. We comple te  Ix by adjoining to the Borel  field all the 

subsets of zero sets and deno te  the complet ion also by Ix. 

The  fundamenta l  proper ty  of the Haa r  measure  is that it is invariant under  

translations. This means  that if A is a measurable  subset of G, and g E G, then 

gA and A g  are also measurable  and IX(gA)= I X ( A g ) =  IX(A). In part icular  it 

follows that IX(H) = (G : H )  -I for every closed subgroup H of a finite index, and 

IX (H)  = 0 if (G  : H )  = ~. If a measurable  set A has infinitely many  translations 

g, A, for i = 1,2, 3, .  •., such that IX (g,A n g,A ) = 0 for every i ~ j, then IX ( A )  = 

0. The  intersection of countably  many subsets of measure  1 is again a subset of 

measure  1. 

We recall that a sequence {A,}7=1 of measurable  sets is said to be IX- 

independent, if IX ( A j ~ j A ~ ) =  f"I j~j ix(Aj)  for every finite subset J of positive 

integers. 

BOREL--CANTELLI LEMMA. Let {A~}7=1 be a sequence of measurable sets in a 

probability space (X, Ix). Then 

(a) I f  the sequence {A, }7=1 is tx -independent and if E, =1 IX (A,)  = co, then almost 

every x @ X belongs to infinitely many of the A, '  s. 

(b) I f  ZT=IIX(A~)<o0, then almost every x E X belongs, at most, to finitely 

many of the A,'s.  

A proof  of this lemma can be found in [10, p. 111]. 

Let H be a closed subgroup with a finite index of a profinite g roup  G. Then H 

is also a profinite group.  If A is a measurable  subset o f /4 ,  then it is measurable  

in G and /zu ( A )  = (G : H)IXo (A) .  In part icular  IX6 ( A )  = 0 is equivalent  to 

Ixu ( A )  = 0. If B is a measurable  subset of G, then B N H is measurable  in H 

and /zo (B)  = 1 implies IX, (B O H )  = 1. 

Let r : G --* G '  be a cont inuous  ep imorphism of profinite groups.  Let IX = IXa 



262 W.-D. GEYER AND M. JARDEN Israel J. Math. 

and/.t '  = ~ , .  A subset B of G '  is measurable if and only if r - I (B)  is measurable, 

and in this case/~ ' (B) = /z  (r- '  (B)). In particular it follows that if ~ (A)  = 1, then 

tz '(rA ) = 1, since A C r -1 r (A  ). 

The cartesian power G" of a profinite group G is also a profinite group and 

the completion of the Haar  measure of G" coincides with the completion of the 

power measure of/z~.  

Let now M be a Galois extension of a field K. Then ~ ( M / K )  is a profinite 

group and has therefore a Haar  measure p. =/XM/K = I~ (M/K)  as described 

above. The following statements about fields are therefore the translations of the 

corresponding statements about profinite groups. 

If L C M is a finite extension of K, then t z ( ~ ( M / L ) )  = [L : K ]  -1. If [L : K ]  = 

o0, then I~ (~ (M/L  ) )= O. 

A sequence {K,}7_1 of intermediate fields of M / K  is said to be linearly disjoint 

over K, if Ki.l is linearly disjoint from K~ • • • Ki over K for every positive integer 

i. This happens to be the case if and only if the sequence {~g(M/K~)}7~ is 

9.-independent. In this case, ~ ( UT=~ ~3(M/K~)) = t, if Y-7~J [Ki : K]- '  = ~. 

Let {K~/K}7=I be a linearly disjoint sequence of finite Galois subextensions of 

J/K.  For every i => 1 let A;  be a subset of ~(K~/K),  and let A, be the lifting of A '~ 

to ~ ( M / K ) .  Then I x ( A , ) = I A ,  I[K~:K] -~ and the sequence {A,}7-, is ~ -  

independent.  

Let K1 be an extension of K which is linearly disjoint from M and let M, be a 

Galois extension of K~ that contains M. Then the restriction map 

r : ~(M~/K~)" --~ ~ ( M / K )  ~ is a continuous map, for every e _-> 1. In particular we 

have the formula /~M/,~(A)= I~M,/KI(r-~(A)) for every measurable subset A of 

~ ( M / K ) ' .  

Let K" be a purely inseparable extension of K, let/.t =/.t x,/K and p~" =/xr; /x. .  

The restriction map of G(K")" into G(K)"  is an isomorphism. Hence,  if A is the 

image of a measurable subset A"  of G(K") ' ,  then A is p.-measurable and 

p. (A)  = /z" (A "). Note that if (o-")E G (K")" and (or) is the restriction of (o'") to 

K,, then K ( t r ) =  K(o'"). 

1.3. Reduction steps 

We show in this section that Theorem 1.1 follows from Proposition 1.2. 

Step 1. Proposition 1.2 implies 

LEMMA 1.3. Let I~(tr) = I~(o-"). 

be an elliptic curve with an absolute invariant j defined over a field K. Suppose that 

j belongs to a finite field or K = Fp(j)  or K = Q(j). Then for almost all 
(o') ~ G(K)"  we have : 
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(a) I [ e =  1, then there exist infinitely many primes I such that Et (/('(o-)) # O. 

(b) I f  e >-_ 2, then E,o,(K(tr)) is finite. 

(c) If  e _-> 1, then E,-(I~(tr))  is finite [or every prime I. 

PROOF. Statement (a) is just a repetition of (A). We continue with the proof of 

(c). Let A, = {(tr)E G ( K ) ' I E t - ( I ~ ( o ' ) )  is finite for every l}. Then 3 1  _C A ' ,  

since /~(o-~,..., o- , )C/((o-  0. By (C), /~ (A1)=  1, hence /x, ( A , ) =  1. 

Statement (b) follows now from (B) and from (c). 

Step 2. Lemma 1.3 implies: 

LEMMA 1.4. Let E be an elliptic curve defined over a finitely generated field K. 

Then for almost all (tr) E G ( K )  e we have: 

(a) I f  e = 1, then there exist infinitely many primes I such that Et (/((tr))  # 0. 

(b) I f  e >-_- 2, then E,or(K(cr)) is finite. 

(c) I f  e >= 1, then E,®(K(tr)) is finite for every prime I. 

PROOF. We start the proof with a lemma on Hilbertian fields. Let L be a field, 

Jet f l , ' "  ",f,~ be irreducible polynomials in L ( T 1 , . . . ,  Tr)[XI , ' .  ",Xs] and let 

f ' l , . . - , f "  be arbitrary polynomials there. The Hilbertian set in L '  defined by 

f~,'" ", fro, f'~, • • ", f', is the set H of all (a)  in L '  such that f~ (a, X)  and f~(a, X )  are 

defined, and f~ (a, X)  are irreducible in L IX]. The field L is said to be Hilbertian, 

if all its Hilbertian sets are non empty (cf. Lang [12, p. 141]). It is known that 

every infinite finitely generated field is Hilbertian (cf. [12, p. 155]). It is also 

known that if M is a finitely separable extension of a field L, then every 

Hilbertian set of M '  contains a Hilbertian set of L '  (cf. [12, p. 152]). The 

following lemma is less known, but it is still true (cf. Roquet te  [24, corol. 4.5]). 

LEMMA 1.5. Let M / L  be a finitely generated separable extension. Then every 

Hilbertian set of M '  contains a Hilbertian set of L '. 

Next we prove the following 

LEMMA 1.6. Let E be an elliptic curve with an absolute invariant ] defined over a 

finitely generated field K. Let F be the prime field of K and suppose that F( j )  is an 

infinite field. Then for almost all (o') @ G ( K )  e there exists an elliptic curve E '  

defined over F( j )  and isomorphic to E over I~(tr). 

PROOF. It is well known that E is isomorphic over K to a curve E0.~) given in 

affine coordinates by the equation 
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y2 = 4X 3 _ g2X - g3, if p ~ 2, 3, 

3 
y 2 = x  3 + y X :  3' if p = 3 ,  j '  

1, y 2 + x y  = X 3+ 3'X 2 + /  if p = 2. 

Note that if p = 2 or p = 3, then j~0 ,123  . On the case p ~  2,3 we have 

_ l g 2  i f j ~ O ,  12 3, 
2 g3' 

g~ and = j = 123 g3_ 27g~ Y gz, if j = 123, 

g3, if j = 0, 

for the Haase invariant y. In this case we also have F(j, 7)  = F(g2, g3). 
Further, let c ~  0 and let y '  be the new Haase invariant defined by 

t yc , i f p ~ 2  and j~0 ,123;  

yc 4, if p ~  2 and j = 123; 

3 ' r =  

3'c 6, i f p ~ 2  and j = 0 ;  

c2+ c + 3', i f p  =2 .  

Then the curve Eo.~,) is defined over F(j, 3") and is isomorphic to E = Eo.,) over 

F(j, 3', c) (cf. Roquette  [23, pp. 69-79]). 

Let now K, = F(j, 3'). Then K1 C K and E is defined over K1. Let K2= 

K N KI.,. Then K2 is a finite separable extension of K1 and K is linearly disjoint 

from Kl.s over K2. The restriction map p : G(K)"  --+ G(K:)" is an epimorphism. 

Suppose Lemma 1.6 is true for K2. Let $2 be the set of all (o') ~ G(K2)" for which 

there exists an elliptic curve E '  over F( j )  and isomorphic to E over /~  (o-) and let 

& , S  be the corresponding sets for K~, K, respectively. Then /~ ($2)= 1 and 

- ' (&)  C S" hence/zK(S) = 1. It follows that it suffices to prove Lemma 1.6 for 

the case where K is a finite separable extension of K~. 

Suppose next that Lemma 1.6 is true for K,, i.e./z K,(&) = 1. Then/xK (S) = 1, 

since S = S, N G(K)'. It follows that it suffices to prove Lemma 2.4 in the case 

where K = K,. 

If p ~ 0  and 3' is algebraic over F( j ) ,  then j~0 ,123  and 3' must not be 

separable over F(j) .  Let 
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f y(p-w2, if p f i  2, 
c 

t y, i f p  =2 .  

Then y '  = y p and E is isomorphic over K to Eu,,P ). Now, there exists a power q 

of p such that yq is separable over F(j) .  Applying the above process a finite 

number of times we conclude that E is isomorphic over K to Ee,~). It follows 

that we can assume that either 3' is separable algebraic or transcendental over 

Fq). 
Define now an integer n and a polynomial f E K[T, X] as follows: 

p ~ 2  and j ~ 0 , 1 2 3 f f n = 2  and f ( T , X ) = y X 2 - T ;  

p ~ 2  and j = 1 2 3  ~ n = 4  and J ( T , X ) = y X ' - T ;  

p ~ 2  and j = 0  = ) , n = 6  and [ ( T , X ) = y X 6 - T ;  

p = 2  ~ n = 2  and f ( T , X ) = X 2 + X + . T + T .  

Further, define by induction a linearly disjoint sequence, {Li/K}7=~, of separable 

field extensions of degree n, and a sequence, {Ei},=~, of elliptic curves which are 

defined over F(j) ,  such that E~ is isomorphic to E over G. Suppose that 

L~, • •., L~_~ and E~, • •., E~_~ have already been defined. The field L generated by 

L , , . . . ,  G- ,  is a finite separable extension of K. Moreover  F( j )  is a Hilbertian 

field, since it is infinite, and f(T, X) is absolutely irreducible and separable in X. 

Hence, by Lemma 1.4, there exists a y '  in F( j )  such that f (y ' ,  X)  is irreducible in 

L [X], of degree n and separable. Let c be an element in/~ such that f(',/', c) = 0 

and let L, = L(c). Then L, is a separable extension of degree n of K which is 

linearly disjoint from L over K. The curve E, = Eo,~., ) is defined over F( j )  and 

isomorphic to E over G. Our induction is thus completed. 

If (o ' )E  G(K~)', then/~(o-)  contains L, and hence E~ is isomorphic to E over 

/£(o-). This ends the proof of Lemma 1.6, since almost all (o') E G(K) ~ belong to 

one of the G(L, )  ~, by section 1.2. 

ENDOF PROOFOF LEMMA 1.3 f f  LEMMA 1.4. Let E be an elliptic curve with an 

absolute invariant j defined over a finitely generated field K. We have to 

consider only the case where F( j )  is an infinite field. Then, by Lemma 1.6, the set 

So of all (o ' )E  G(K)"  for which there exists an elliptic curve E '  over Ko = F( j )  

and isomorphic to E over /~(o'), is of measure 1. Order  all these E '  in a 

sequence: EI, E~ ,E; , . . . .  For every i => 1 let Si be the set of all (o ' )E  G(Ko)" 
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such that (a), (b) and (c) are true with respect to E',, and let S ' =  n~'=, S;. Then 

~ , , ( S ' )  = 1, by Lemma 1.3. 

Let K'~ = K N K,,.s. Then K is linearly disjoint from K,,.~ over K', and hence the 

restriction map r :G(K)"---~G(K'~)  ~ is surjective. Moreover,  K'~ is a finite 

separable extension of K,,. Hence ~ZK,(S'N G(KI) e)= 1. Let S = 

r-~(s'n G(K'0e),  then /z~:(S)= 1, hence /zK(S,,N S ) =  1. 

Let now (o')• SoN S and let (o-') = r(o'). Then there exists an E '  over Ko and 

(a), (b), (c) are true for E '  and / ( ( t r )  n / ( , ,  =/~,,(tr'). If e = 1, then there exist 

infinitely many l such that E ' t ( / ( (o-) )#  0, hence also E~(/((o-))# 0, since E and 

E '  are isomorphic over /.((o'). If e-_>2, then E~,,T(/(o(o")) is finite. Hence 

Ei,,r(/((o')) is finite, since E~or C E'(/~,,). It follows that E,,,r(/~(o')) is finite. The 

same argument implies that if e => 1 and l is a prime, then Et~(/~(o')) is finite. 

The second reduction step is therefore completed. 

Step 3. Lemma 1.4 implies Theorem 1.1. 

Let K be a finitely generated field. Let L be a finite extension of K and let Lo 
be the separable closure of K in L. For every elliptic curve E defined over L, 

define S(L, E) to be the set of all (o-)E G(L)" such that (a), (b) and (c) are 

satisfied. By Lemma 1.5, #L(S(L,E))= 1. Let So(L,E) be the restriction of 

S(L, E) to K~. Then /z  L,,(So(L, E))  = 1. Hence tzK(G(L,,)" - So(L, E))  = 0. There 

are only countably many pairs (L, E).  Hence the union O (G(Lo)" -So(L ,  E)),  

where (L,E) runs over all possible pairs, is a zero set in G(K) ~. 
Suppose that (o-) E So(L, E). Hence (a), (b), and (c) are satisfied for (or) and E. 

1.4. Permutation groups 

By a permutation group we mean a pair (G,A), where A is an additive 

abelian group and G is a multiplicative group that operates faithfully (and 

continuously, if A and G have topologies) on A. 

A pair (G~,A) is said to be a subgroup of (G,A)  if G~<=G and if the 

operation of an element g~ ~ G~ on A coincides with its operation on A as an 

element of G. 

A homomorphism of a permutation group (G, A )  into another one (H, B)  

is a pair (O,a), where O:G---,H and a:A- - - ,B  are homomorphisms, and 

O(g)aa = aga for every a E A and g E G. 

The pair (0, a )  is said to be surjective, if both 0 and a are surjective. It is 

called an embedding if a is an isomorphism. In this case 0 is injective. It is called 

an isomorphism, if both a and 0 are isomorphisms. 

Let (G, ,A)  be a subgroup of ( G , A )  and let (O,a):(G~,A)--~(H,B) be an 
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embedding. Then (0, a )  can be uniquely extended to an embedding of (G, A )  

into (Aut B, B)  by the following definition: 

O(g)b = aga-Jb for b ~ B and g E G. 

Suppose that we are given an inverse system {(G, A,), (01, al) I i,j ~ I} of finite 

permutation groups. Then its inverse limit ( G , A ) =  ii__m(G,,A~) is also a 

permutation group, taking into account now also the topologies of G and A. 

Given a permutation group (G, A )  and a positive integer e, we define 

S , ( G , A ) = { ( g , . . . , g e ) E G  ~ I 3 a E A  : a ~ 0 a n d g , a  =a f o r i = l , - . . , e } .  

This is a subset of G ~ that contains (1, 1 , . . . ,  1). We also write 

S ( G , A ) = S ~ ( G , A ) = { g E G I 3 a ~ A : a ~ O  and ga=a}.  

Then Se(G,A ) C_ S(G, A f . 

1.5. Examples of permutation groups 

We bring in this section examples of permutation groups which we shall meet 

in this work. 

(1) (G, R2). Here R is a commutative ring with 1 and G is a subgroup of 

GL(2, R),  with the usual operation. A matrix B belongs to S(G, R 2) if and only 

if 1 is a characteristic value of B. 

(2) (R x, R). Here R is a commutative ring with 1 and R × is the multiplicative 

group of all invertible elements. An element u E R × operates on an element 

r E R by multiplication. In particular we shall consider the case where R = R] 

and R~ is an integral domain. In this case 

S(R×,R)={(u~,u:)ER~2[u~=I or u2=l} .  

(3) (G,, E.) .  Here E is an elliptic curve defined over a field K of characteristic 

p that does not divide n and G,  = ~(K(E,)/K). The elements of G, operate on 

E., since the law of addition of E is defined over K. E ,  is isomorphic to (Z/nZ) 2. 

One can therefore choose P, Q in E such that E,  = {xP + yQ Ix, y ~ Z}.. 

A specific isomorphism of E,  onto (Z/nZ)  2 can now be defined by mapping the 

point xP + yQ onto the pair (x, y) modulo n. Also, one maps an element or ~ G, 

onto the matrix 

of GL(2,  n) defined by o-O = bP + dO. 

This gives an embedding of (Gn, En) into (GL(2, n), (Z/nZ) 2) which is, however, 
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not canonical, and depends on the choice of P and O. Note that every 

embedding (G,, E,)---~ (GL(2, n ) , ( Z / n Z )  2) is induced by a certain pair (P, 0 ) .  

Indeed, P is the point of E,  which is mapped on (1,0) and O is the one mapped 

on (0, 1). 

Using the fact that an inverse limit of non-void finite sets is not empty, one can 

prove that for every n which is prime to p there exist points P,, O. that generate 

E~ such that if n = k m ,  then k P . = P , ,  and k O . = O . , .  Denote by G ( n )  the 

image of G. in GL(2, n) by the canonical embedding induced by (P., Q.).  

In particular consider a prime l ~  p. Let 

K,~= U K,, and G,~=~(Kz~/K). 
i=l  

Then we have a sequence of canonical commutative diagrams 

(G,-,,  E,,+,) , (G(I'+'), (Z/I'+' Zy) 

(G,,, E,,) , (G(I ' ) ,  (Z/I'Z)2). 

Taking the inverse limit of this sequence we get an isomorphism 

(G,% T,) >(G(I~),Z~), 

where T = l imEe  is the Tate-module. ,(_.._ 

(4) Occasionally we shall consider pairs (G, A),  where G is a multiplicative 

group operating non-faithfully on A. We shall keep the notation S(G, A ) for the 

set of all g ~ G that fix a non-zero element of A. In particular we shall consider 

the pairs ( G ( K ) ,  E,) .  An element or of G ( K )  belongs to S ( G ( K ) ,  E . )  if and only 

if E , ( / ~ ( o ' ) ) ~ 0 ,  i.e. if the restriction of or to K, belongs to S ( G , , E . ) .  

1.6. Further reduction 

The case where j belongs to a finite field needs special treatment. In all other 

cases it is more convenient to prove the following Proposition 1.7 rather than 

Proposition 1.2. Indeed, Proposition 1.2 follows from Proposition 1.7 in these 

cases. 

PROPOSITION 1.7. Let E be an elliptic curve with an absolute invariant j defined 

over a field K. Suppose that K = Fp(j) and j is transcendental over F~, or 

K = Q(j). Then the following statements are true : 

(A') There exists an infinite set of primes A, and for every l E A there exists a 

non-empty subset S'(G~, E,) of S(G~, E~) such that 
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I s'(o,. E,)I 
(A'I) ~A t G, I = 2,  and 

(A'2) for every I~, . . ., L @ A we have 

S'  I s ' l  = I 
I o . I  ,=, IG, ,I  ' 

where n = l~ . . -  l, and S', = {or ~ G,  I o'1K~, E S'(  G~,, El,) for j = 1 , . . . ,  r}. 
(B') There exists a positive constant c such that 

ISKG,,E,)[<£ 
IG, I = l  

for all but finitely many  primes l. 

(C') I f  l J  p, then S(Gt~,  T~) is a zero set in G,~. For almost all or @ G(K) ,  the 

set Ep~(l((o'))  is finite. 

LEMMA 1.8. Proposition 1.7 implies Proposition 1.2 in the cases where K = 

Fp(j) and j transcendental over Fp, or K = Q(j). 

PROOF. (A') :::> (A). Let S ' ( G ( K ) , E , )  be the lifting of S ' (G , ,E , )  to G ( K ) .  

Then 

(1) /Z ( S ' ( G ( K ) ,  E,)  = I S ' (G"  E')I 
IG, I 

Hence, by (A'I), ~,~A /Z ( S ' ( G ( K ) ,  Et)) = 2. 

Next, let l ] , . . . , I t  @ A. Then n~=~ S ' ( G ( K ) , E  0 is the lifting of S" to G ( K ) .  

(We are using here the notation of (A'2).) Hence, by (A'2) and (1), we have 

j = l  / = l  

It follows that the set { S ' ( G ( K ) , E ~ ) I I E A }  is /z-independent. By the 

Borel-Cantelli Lemma, the set S of all or ~ G ( K )  that belong to infinitely many 

S ' ( G ( K ) ,  E~) is of measure 1. For every or in S there are infinitely many l's such 

that E~(/((o ' ))~ 0. This is (A) of Proposition 1.2. 

(B') :=> (B). By (B') we have / z ( S ( G ( K ) , E , ) ) < -  < _ c / l  for all but finitely many 

l's. We also know that S , ( G ( K ) , E ~ ) C ( S ( G ( K ) , E t ) )  e. Hence 

(c). 
/ z ( S ~ ( G ( K ) , E z ) ) =  ~ ~ , for all but finitely many l's. 

Hence Y~/z(S~(G(K) ,E~))  converges, since e_->2. It follows, by the 
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Bore l -Cante l l i  Lemma,  that the set T of all ((7) @ G ( K f  that belong to at most 

finitely many S , ( G ( K ) , E t )  is of measure  1. For  every (o-)E T there  are only 

finitely many primes l such that E , ( /~ (o - ) )#  0. This proves (B) of Proposi t ion 

1.2. 

(C') ::)> (C). Let l # p  be a prime. Deno t e  by S ( G ( K ) , T ~ )  the lifting of 

S ( G : ,  Tt) to G ( K ) .  Then /~  ( S ( G ( K ) ,  T~ )) = 0. We have therefore  to prove  that 

if o" E G ( K ) -  S ( G ( K ) ,  T~), then E : ( K ( t r ) )  is finite. 

Assume that E : ( / ~ ( o ' ) )  is infinite. Then  there  exist infinitely many i 's  such 

that E , ,+ , ( /~ (o ' ) ) -E , , ( /~ (o ' ) )  is not empty,  since each of the sets E , , ( / ( (o ' ) )  is 

finite. Fur ther ,  if then 

E,_ , ( / ( (o ' ) )  (where E,o means 0). It follows that E,,-,(R(o-))- E,,(R(o-)) is not 

empty,  for  every i =  > 1. Thus,  these sets form an inverse system of finite 

non-empty  sets. The  inverse limit of such a system is not empty.  It follows that 

there  exists a sequence  {P,}7=, of points such that P~ E E t  . . . .  Ee ,  o-P~ = P~ and 

IP,.~ = P~ for  every i => 1. This sequence  defines a non-zero  point P of T~ which is 

fixed by o'. Hence  o" E S ( G ( K ) ,  T~), which is a contradict ion.  

Actually,  we shall not prove Proposi t ion 1.7 directly, but ra ther  its matrix 

counterpar t .  This is 

PROPOSmON 1.9. Let E be an elliptic curve with an absolute invariant j defined 

over a field K. Suppose that K = Fp(j) and j is transcendental over F~, or 

K = Q(j) .  Then the following statements are true: 

(A") There exists an infinite set of primes A, and for every l E A there exists a 
non-empty subset S ' (G(I) ,  (Z/IZ) 2) of S (G( I ) ,  (Z/IZ) 2) such that 

I S '(G(I) ,  (Z/lZ)bt 
(A"I)  ~ = ~  and 

1o(01 ' 

(A"2) for every I,,"', I, E A we have 

IS'(n)l  = [-I IS'(G(I')'(Z/IiZ)2)[ 
IG(n)I ,=, IG(1)l ' 

'where n = l, .. • L and S'(n ) is the set of all matrices A in G (n ) that, when reduced 

modulo lj, belong to S'(G(Ij),  (Z/ljZ)2), for j = 1 , . . . ,  r. 

(B") There exists a positive constant c such that 

I S (G(I ) ,  (Z/IZ2))I < c for all but finitely many primes I. 
IO(l) l  = l  

(C") I[1~ p, then S (G (l®), Z~) is a zero set in G (l=). For almost all cr E G (K),  

the set E:(R(o-)) is finite. 
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Proposition 1.9 is equivalent to Proposition 1.7, by section 1.5. The sets 

S'(G(I) ,  (Z/IZ) z) of (A") are the images of the sets S'(G,, El) of (A'). 

REMARKS. (1) In some of the cases we shall choose for A of (A") the set of all 

primes l = ax + b, where a, b are some fixed relatively prime positive integers. 

In these cases we shall also find a c '>O such that 

J S(G(I) ,  (Z/IZ)Z)I > c '  
IG(l)] = I 

for every l ~ A. Then (A"I) is satisfied, since Y.~¢A 1/l = ~, by the Dirichlet 

Theorem.  

(2) If one proves that 

(A"2) The sequence {KdK I l E L} is linearly disjoint, then conditions (A'2) 

and (A"2) are certainly satisfied. We shall however have occasions on which we 

shall have to prove (A"2) directly, since (A'"2) will be false. 

§2. Elliptic curves without complex multiplication over a field of character- 

istic 0 

2.1. Axiomatization of the problem 

In this Section we consider an elliptic curve E with an absolute invariant j 

defined over  Q(j)  and has no complex multiplication. We prove Proposition 1.2 

via Proposition 1.9 for E and for K = Q(/'). 

If j is transcendental over  Q, then G(n)  = GL(2,  n) for every positive integer 

n. This is a classical result of Weber  (see e.g. Lang [16, p. 68]). If j is algebraic 

over Q, then (GL(2, n) : G(n))  is bounded by a constant that depends only on K 

and E but not on n. This s tatement is equivalent to the conjunction of the 

following two statements: 

(I). There  exists a positive integer m such that G(n)  = GL(2,  n) for every n 

which is relatively prime to m. 

II. (GL(2,  Zt):  G ( I = ) ) <  ~ for every prime I. 

(Compare  Serre [25, p. 260].) Of course, this result is valid also in the case where 

j is transcendental over Q. We shall therefore assume in this chapter  that the 

curve E satisfies I and II. 

2.2. Calculation of S(G(I) ,  (Z/IZ)  2) 

LEMMA 2.1. IS(GL(2,  I),(Z/IZ)2)I = t(l z -  2) for every prime l. 

PROOF. The group (Z/IZ) 2 can be presented as a union of l + 1 cyclic groups 

Z , . - . , Z t + ,  of order l such that Zl  n z j  ={(0,0)} if i ~ j .  
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If a matrix in GL(2, 1) fixes a non-zero element of Z ,  then it fixes all the 

elements of Z,. Denote  the set of all matrices that fix the elements of Z, by S~. It 

is not difficult to see that IS, l = t(1 - 1). Further, if i t j  and if A E S, n S~, then 

A has two independent fix-points, hence A is the unit matrix. It follows that 

IS(GL(2,1),(Z/IZ)2)I =] ,=,U S, =,=,~ lS, t - l =  l(12-2). 

2.3. proof of (A") and (B") 

It is well known that [GL(2,1)I = (l 2 -  1)(l 2 -  l) for a prime l (cf. Huppert  [7, 

p. 178]). If l > m ,  then G(I)=GL(2,1) ,  by I. Hence IS(G(l),(z/tz)2)l = 

l(l 2-  2), by Lemma 2.1. It follows that there exist positive constants cl, c× such 

that 

c_, < I ( z / t z ) 2 ) l  < 
l = [G(1)t = l 

for every prime I. This already proves (A"I) and (B"). We proceed to prove (A"'2) 

by proving that the sequence {Kt/K [ l > m } is linearly disjoint. 

It suffices to prove that if k, n, m are pairwise relatively prime, then K~ and K, 

are linearly disjoint over K. Indeed, Kk,=KkK..  Also GL(2,  k n ) -  

G L ( e , k ) ×  GL(2, n). Hence [KkK, : K ]  = [Kk : K ] . [ K ,  :K] ,  by I. 

2.4. Proof of (C") 

Let l be a prime. We have to prove that S(G(I=),Z~) is a zero set in G(l®). 
Clearly S(G(I=),Z~)C S(GL(2,  Zt),Z,:) and by II, (GL(2, Z ~ ) : G ( I = ) ) < ~ .  

Hence it suffices to prove 

LEMMA 2.2. S(GL(2,  Z~),Z~) is a zero set in GL(2,Z~). 

PROOF. We have already mentioned that the set S = S(G(2, Zt),Z~) consists 

exactly of all the matrices in GL(2,  Z~) having the characteristic value 1. In 

particular S is a closed subset of GL(2,  Zt). If u E Z~, then uS consists of all the 

matrices in GL(2, Z~) having the characteristic value u. Our proof will be 

completed if we show that if u '  e Z~' and u '  g u, then uS N u'S is a zero set in 

GL(2,  Z~). Indeed, if w,w 'EZ~  and w ~  -+w', then w ( u S n u ' S ) n  
w'(uS n u 'S )=Q,  since a 2 x 2  matrix can have at most two characteristic 

values. Hence, if we let w run over a set of representatives of Z~/{ +- 1}, then we 

obtain infinitely many disjoint translations w(uS n u'S) of uS o u'S. This 

implies that uS n u'S is a zero set in GL(2,  ZI). [] 

The proof of Proposition 1.2 is completed in Case I. 
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§3. Elliptic curves with a transcendental l-invariant over F. 

3.1. The theorem of Igusa 

We consider in this section a fixed prime p, a transcendental element j over F~ 

and an elliptic curve E with the absolute invariant i defined over K = Fp Q'). Let 

~', be a primitive n-th root of 1, and let G(n)={A  EGL(2,  n ) lde tA  is a 

p-power}. Then the following theorem is a reformulation of theorem 3 of Igusa 

[8, p. 469]. 

IGUSA'S THEOREM. Suppose that p ~ n. Then 
(a) V, (~.) C K., 

(b) K. is Oalois over K, 

(c) (o., E.) = (O(n), (Z/nZy), 
(d) ~(K,/K(~.)) is mapped under the above isomorphism onto SL(2, n), 

(e) [K(~.): K] = ord.p. 

3.2. Proof of (A") and (B") 

An immediate consequence from Igusa's theorem and from the well-known 

formula for [SL(2, n)[ (e.g. Igusa [9, p. 458])is: 

LEMMA 3.1. If p X n, then 

(1) IG(n)l = n3 o r d , p F I  ( 1 -  I-2). 
lln 

In particular we have for 1~ p that 

(2) I G(I)J = l(l ~ -  Dord,p. 

LEMMA 3.2. [S(G(I),(Z/IZf)I = 1((1 + 1)ord,p - 1). 

PROOF. We use the notation of the proof of Lemma 2.1. 

A matrix of G(I) fixes the point (0, 1) if and only if it has form 

where c E Z/IZ. The number of these matrices is l • ordtp. Moreover,  SL(2, l) 

operates transitively on (Z/IZ) 2, hence G(l) also does. It follows that IS~ [= 

l • ord~p for i = 1, • •., 1 + 1. Our  formula follows as in the proof of Lemma 2.1. [] 

It follows from Lemmas 3.1 and 3.2 that 

[S(G(I),(Z/IZ)2)[ (I+ 1)ord,.p - 1 2 
(3) IG(I)I = (12 -1 )o rd ,p  <--7 

for every /. This proves (B"). 
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One observes that the arithmetic function I G(n ) l  is not multiplicative, since 

ord.p is not. Hence we cannot achieve here linear disjointness for the fields K~, 

as we did in section 2.3. Moreover, the quotients (3) have the order of magnitude 

l -I, but the factor ordtp still prevents the sets S ( G ( K ) ,  E~) being/z-independent. 

We therefore define S '(G (l), (Z//Z) 2) as a proper subset of S (G (l), (Z/I Z) 2) such 

that the factor ord,p disappears from the quotients corresponding to (3) and 

such that (A") is satisfied. 

Indeed, let S'(l, i) be the subset of GL(2, l) consisting of all matrices of the 

form 

( 1 - c x  x )  
(4) c - cp' - c Zx p' + cx 

where c ~ Z / I Z  and x E (Z/IZ)".  Then IS'(l, i)l = l ( l -  1). Note that the deter- 

minant of (4) is p'. Also, (4) fixes the point (1, c) of (Z/ IZ)  2. Hence S'(l, i )C 

S(G(I) , (Z/ IZ)2) .  It follows also that if i ~  j rood ord,p, then S'(l, i) O S'( l ,])  = ~ .  
Hence, if we define 

ordnp 

S'( l)  = S ' (G(I) ,  (Z//Z) 2) = U S'(l, i) 
i= l  

we get that IS'(/)l-- l ( l -  1)ordtp. This together with (2) implies 

IS'(l)l  1 > 1 
(5) I G( l ) l - -  l + 1= 2-1" 

Thus statement (A"I) is also satisfied. 

We prove now statement (A"2). Let l , . . . ,  L be r primes, different from p, let 

n = I1---/,, and let 

S'  = {A ~ G ( n ) J A  modulo l~ belongs to S'(l~) for j = 1 , . . . ,  r}. 

By the Chinese Remainder Theorem there exists for every i a canonical 

bijection of the cartesian product S ' ( l ~ , i ) x . . . x  S'( l , , i )  onto the set S'~= 

{A E S'I det A = p'}. Hence 1S'~I = I-I~=1 lj(lj - 1). Further S' is the disjoint union 

of the sets S'~ for i = 1,--- ,ord,p.  Hence 

IS'[ = o r d . p f l  lj(lj - 1). 

This, together with (1) and (5) implies 

IS'I = [-I 1 = I-I IS'(l')l 
[G(n)J , 1/-~+~ ,=, lG(l , ) l"  

Statement (A"2) is thus also proved. 
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3.3. Proof of (C") for l / p  

LEMMA 3.2. If 1¢ p, then (Z~' : (p)) < 00. Here (p ) denotes the closed subgroup 
of Z~ generated by p. 

PROOF. One can write Z~ as a direct product Z~' = G x H, where G ~ Zt, 
and H ~ Z / ( I - 1 ) Z  if l ~ 2 ;  H = Z / r Z  if l = 2 .  Then p~ ~ G ,  where k = I H I .  

Clearly p ~ ¢ l ,  hence ( G : ( p k ) ) < ~  (cf. Ribes [27, p. 57]). It follows that 

(z;' : ( p ) ) <  ~.  [] 
By Igusa's theorem we have now that G ( I ' ) =  {A E GL(2, l ' ) l d e t A  E (p)}. 

Taking the inverse limit we get G(! ®) = {A ~ GL(2, Z,)I det A E (p)}. It follows 

that GL(2, Z,)/G(I ®) ~- Z~/(p). 

This together with Lemma 3.2 implies that G(l ®) is a closed subgroup of 

GL(2, Zt) of a finite index. Now, S(G(I®),Z~) is contained in S(GL(2,Zt) ,  Z~), 

which is a zero set in GL(2, Zt), by Lemma 2.2. Therefore S(G(I®), Z~), hence 

also in G (l®). [] 

3.4. Proof of (C") for l = p 

We have to prove that Ep-(/~(o)) is finite for almost all o- ~ G(K). Indeed, by 

a well known result of Hasse Es,---- Z/p~Z for every i _-> 1 (cf. Robert [22, p. 123]; 

note that E is not super singular, since j is not algebraic over Fp). The field 

K s, = K(Es, ) is now not Galois over K but it is still normal over K. Denote by 

K;, the maximal separable extension of K contained in Ks,. Igusa proved in [9] 

that [K~,: K] => ½p'(p - 1). Hence, the maximal separable extension K;-  of K 

contained in Kp® is of infinite degree. In particular it follows that G(K'p®) is a 

zero set in G(K). 
Let now tr be an element of G(K) such that Ep-(/~(o-)) is infinite. It suffices to 

prove that or E G(K;®). Indeed, the unique extension o-' of or to /~ fixes infinitely 

many points of E t  ®. If tr' fixes a point in E s , -  Ep,*,, then o" fixes all the points in 

E s; since El,, is cyclic. It follows that o-' fixes all the points of E t ®. Hence 

~r E (K;-). 

The proof of Proposition 1.2 is completed in case II. 

04. Elliptic curves with complex multiplication over a number field 

4.1. The endomorphism ring 

We consider in this chapter an elliptic curve E defined over a number field 

K = Q(j). We assume that E has a complex multiplication. Then its endomor- 

phism ring, End E, is isomorphic to an order S of an imaginary quadratic 
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extension Lo of Q. The  curve E itself has an analytic representa t ion E ~ C/a, 

where  a is a lattice of C which is conta ined in L0 and S = {s U L01 sa _C a}. 

Moreover ,  if a point P of E corresponds  to a coset z + a and the endomorph i sm 

A corresponds  to the e lement  s of S, then the point  A(P)  cor responds  to the 

coset sz + a (cf. Shimura [26, p. 104]). 

The  ring S is conta ined in the ring of integers So of L0. Indeed it has the fo rm 

S = Z + fSo, where  the positive integer  f is the conductor of S. The  ring So can be 

represen ted  as So = Z[wo]. Hence  S has the form S = Z[w],  where  w = fwo, and 

w satisfies an irreducible equat ion X 2 -  g X  - h = 0, where  g, h E Z. Fur ther ,  if 

~0 is the discriminant of So, then ~5 = f2&~ is the discriminant of S. 

For  every prime l consider  the quot ients  ring 

S , ~ = {  s s @ S  and n E Z - I Z }  a n d t h e S , c m o d u l e  

,z} 
It is known that there  exists an e lement  ct E a(,~ such that 

(1) a(,~ = c,S,~ 

(cf. Lang [16, p. 98]). This implies that 

(2) a / n a ~ s S / n S  

for  every  positive integer  n. 

For  odd primes l that do not divide the discriminant 6 of S, the ring S,) 

coincides with the localization of So with respect  to I. The re  are there fore  two 

types of such /'s: 

(i) (6/1) = 1. Then  there  are in S two pr ime ideals over  l, each of degree  1 and 

(3) ( (S / lS )  ×, S / I S )  -~ (F{ z, F~). 

In part icular  J S / lS)×l = (l - 1) 2. 

(ii) ( 6 / 0  = - 1. Then  there  is only one  pr ime ideal over  I, its degree  is 2, and 

( (S / IS )  ×, S / I S )  ~- (F,~, F,2). In part icular  

I(SlIS)Xt = l z -  1. 

Moreover ,  the polynomial  X 2 -  g X - h  remains irreducible modulo  l and 

Ft2 = F, [if,], where  ~ 2 _  g~  _ h = 0. 
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4.2. Embedding of H,  in (S inS )  × 

Let L = LoK and for every n let L, = LK,  = L(E , ) .  Write G.  = (g (K, /K)  

and H ,  = ~ ( L , / L ) .  If L C K,, then K, -- L. and H ,  is a subgroup of G,  of 

index [L : K], i.e. 1 or 2. If L Z~ K,, then L is linearly disjoint from K,  over  K 

and the restriction map induces an isomorphism (H,, E , ) - ( G , ,  E. ) .  We shall 

first examine the permutat ion groups (H,, E , )  and then imply the accumulated 

information on the permutat ion groups (G,, E. ) .  

We note first that the analytic presentation E = C/a induces the analytic 

presentation E.  = (1/n)a/a. The elements of H .  fix the elements of E n d E  = S. 

Moreover,  they operate  faithfully on E,. Hence there is an embedding 

(H,, E~)---~ (AUtE,dEE~, E,~). Further  

(AUtE.d~ E., E , )  ~ (Auts (~,a/a),~a/a) 

(AutsS /nS ,  S / n S ) ~  ((SINS) ×, SINS), 

by (2). Hence we get an embedding 

(4) (H,, E,)---~ ((SINS) ×, SINS). 

We write ((SINS) × : H , )  for the index of the image of H ,  in (SINS) ×. This index 

will be proved to be bounded in the next two sections. 

4.3. Class field theory 

Consider the Weierstrass normal form of E : y2 = 4X 3_ g2X - g3. Then the 

discriminant of E is given by A = g23- 27g3 z. The Weber function of E is defined 

on a point (x ,y)  of E by 

A-l g2g3x, if g2g3 ~ O, 

h ( x , y ) =  A-'g2x 2, if g 3 = 0 ,  

A-l g3x 3, if g2 = O. 

This function is independent  of the selected Weierstrass normal form of E. It 

obtains the same value on points which are obtained from one another  by Aut  E. 

Let L'n = L(hE . ) .  The L', are shown to be class fields over L0 of certain open 

subgroups of the idble group of Lo. In this section we describe these subgroups 

and deduce some of their properties. 

For every prime 1 let Lo,t = Lo~)oQt, 

St = S . ) ~ Z t  = S @Zt  = IimS/US, and 
<.._. 

at = a , ) ~ Z ~  = a @ Z t  = lima/l~a. 

Then at = ctS, by (1), hence St = {s ~ Lo,, I sat C a~}. 
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Consider now the addle ring QA of Q defined as the restricted product 

QA = R×l i (Qt ,  Zt). The addle ring of Lo can be then written as Lo,A = 

Lo Q o  QA = C  × li(Lo.t, St). It contains Lo as a discrete subring, The group of units 

L~,A is the id~te group of Lo; J = Lo~.A = C × × l-I(L?~.z, S'~). 

Let further S,~ = C x ×liSt. Then L 0 n  SA = S and hence S n nSA = nS for 

every n. Moreover  SA = S + nSA. Hence 

(5) S~/nSA ~- S /nS .  

Denote  the group of unites of SA by W = S~ = C x x IIS~'. It is an open subgroup 

of J. Then SA = {s E Lo,A [ sa C_ a} and W = {s E SA [ sa = a}, where sa C_ a and 

sa = a mean that star C_ at and star = at, respectively, for every /. The group W 

contains for every positive integer n the open subgroup W. = {s E W Is =- 

1 mod nSA }. 

Attached to this subgroup is the following exact sequence: 

(6) 1---~ W n LtT/W, n L~---~ W / W . . - o  WLo/W.L,7---~ 1. 

We shall identify the components  of this short sequence with some familiar 

groups. 

We start from WLo/W,L~7 and note that the proof of the corollary on page 135 

of Lang [16], together with theorem 5.5 on page 122 of Shimura [26], can be used 

to prove: 

LEMMA 4.1. L '. = L o ( W . )  is the class field o f  the id~le group W.  over Lo. In 

particular L = L o ( W )  is the class field o f  W over Lo. 

It follows from Lemma 4.1 and from class field theory that 

(7) W L g / W ~ L o  ~ ~g(L',/L ) = H'. .  

Next note that if a, b E St and ab - 1 mod ISt, then a, b ~ S~'. It follows that 

W~ W. -~ (S/,/nSA)× and by (5) we obtain that 

(8) w / w .  ~- ( S / n S y .  

Observe also that S X = W n L,7. Therefore,  taking into account (6), (7) and (8) 

we obtain an exact sequence S ~ ~ ( S / n S )  X ~ H'---~ 1. Thus, a quotient group of 

H~ has been represented as a quotient group of ( S / n S )  ~ with a bounded kernel. 

Indeed, S × is contained in the ring of unites S,7 of So and 

2, ifLo~Q(X/--~),Q(X/--L--3), i.e. i f j ~ O ,  12 3, 

[So l=  4, i f L o = Q ( ~ / - 1 ) ,  i.e. i f j = 1 2 ' ,  

6, if L o =  Q ( % / - 3 ) ,  i.e. if j = 0 
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(cf. Shimura [26, p. 106]). Hence I S ×t is equal to 1, 2, 3, 4 or 6. If one adds to this 

result the fact that H,  was embedded in (S /nS)  ~ (see (4) of section 4.2), one can 

easily deduce the following 

PaoPosmoN 4.2. Let E be an elliptic curve with complex multiplication defined 

over K = Q(j). Let S = End E, let Lo be the quotient field of S and let L = Lo(j). 

For every n let L ', = L(hE~), L. = L(E , ) ,  H" = ~3(L'./L ) and H~ = ~3(L,/L ). 

Then (H~, E~) can be embedded in ((S/nS)  ×, (S/nS))  and 

1or  2, 

[ L , :L ' . ] . ( ( S /nS )×:H . )  = 1,2 or 4, 

1,2, 3 or 6, 

4.4. Linearly disjoint fields 

i f j ~  0, 123, 

if j = 123, 

i I j  =0. 

LEMMA 4.3. If n and m are relatively prime positive integers, then L 'n and L "  

are linearly disjoint over L. 

PROOF. Observe that W,W.~ = W. Hence Lo(W,)f ' l  L(W,~)= Lo(W)= L, by 

class field theory, i.e. L'. and L "  are linearly disjoint over L. [] 

In order to deduce the linear disjointness of the L, from that of the L'. we 

need the concept of the Frattini group ~(G) of a finite group G and the 

following 

LEMMA 4.4. For i = 1,2," -., n let Nj D N'~ be finite Galois extensions of a field 

M such that ~(N,/N'~) C_ ~(~(N~/M)) .  I f  N ; , . . . ,  N" are linearly disjoint over M, 

then N1,. .  ", IV, are also linearly disjoint over M. 

PROOF. Let Ji = ~3(N~/M), Z = ~ (N~/M)  and A, = ~(N~/N~). Denote by N 

and N'  the fields generated by N , . . . ,  N,  and N~, . . . ,  N" respectively and let 

J = ~3(N/M) and ] = ~3(N'/M). Then J can be considered as a subgroup of the 

direct product 1-I~'~ Z, and ] = II~'z~ .L, since N'I," • ", N'. are linearly disjoint over 

M. It follows that J-II~'=~A, =II~'=~Z. Next we have IlT~IA, C_ II~'~lqb(J~)= 

q~(IIT~J,) (see Huppert [7, p. 275]). Hence J =IlT~Z, by the fundamental 

property of Frattini groups (see [7, p. 268]). Hence N , . . . , N ,  are linearly 

disjoint over M. [] 

LEMMA 4.5. If l --= 1 mod72& then ~(L~/L~) C ~(Ht).  

PROOF. Our assumption implies that (1/8) = 1. Hence, by section 4.1 we have 

(S/IS)  x -~ (Z/(I - 1)Z) 2. If L'~ = Lv there is nothing to prove. Suppose therefore 

that [L, : L ~] > 1. 
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If j #  0, 12 3 then [L~ :L'~] = 2 and Ht-~ (S/IS) ~, by Proposition 4.2. Hence 

H~---(Z/2'Z)2@C, where r_->3 and C has an odd order. It follows that 

• ( H t ) - ( Z / 2 ' - 1 Z ) 2 @ ~ ( C ) ,  hence ~(L,/L'~) C_ ~(Ht). 

If j = 12 3 , then [L, :L '~]=2 and ((S/IS)×:Ht)<-2, or [L, : L ~ ] = 4  and H~-~ 

(S/IS). In the first case Ht is isomorphic to Z/2"Z @ Z/2 rZ  @ C, where r', r "> 2 

and we still have that ~(L/L' t )  C_ aP(Ht). The second case is treated as the case 

j #  0, 12 3. 

The case ] = 0 is proved analogously. One treats the 2-factors and the 3-factors 

separately. [] 

Combining Lemmas 4.3, 4.4 and 4.5 together we get: 

LEMMA 4.6. The sequence of fields {Lt I I =- Imod723}  is linearly disjoint 
over L. 

LEMMA 4.7. There exist at most two primes l, such that 

(9) l , = - l m o d 7 2 6  and ((S/l,S)X:Ht,)>=2. 

PROOF. Indeed, assume that there were three primes l,, for i = 1, 2, 3, satisfy- 

ing (9). Let n = l~1213. By Lemma 4.6 we have H,  = [I~=~ H~,. Also (S /nS)  × 
1-I~=l (S/liS) ×. Hence, by Proposition 4.2 

8 < 1!I [S/t'S)×[ = [(S/nS)×[ < 6, 
=,=, IH,,I fHo/ = 

which is a contradiction. [] 

By Lemma 4.7 and by (3) we have for all primes l - 1 mod 726, except possibly 

for two, that 

= (F, , F, ). (10) (H,, E, ) ×~ 2 

We split these primes into a set A' with L ~ K or Lo C Kt, and a set A" with 

L _C K~ and L o g  K. Then (i) Z~A, 1/l = oo or (ii) E~A-1/l = 0% by Dirichlet's 

Theorem. 

4.5. Proof o[ (A') in case (i) 

In this case Y-t~^, 1/l = o~. Let l E A'. Then L is linearly disjoint from Kt over 

K. Hence (G,, E~) -~ (H,  E,) = (F~ ~, F~), by (10). Hence IS(G,, E~)I = 21 - 3 (see 

example 2 in section 1.5). It follows that for l ~ A' 

IS (G, ,E , ) I_  2 1 - 3  2 
IG,/ ( l - l y > l "  

Condition (A'I) follows. 
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In order to prove (A'2) it suffices to prove that the set of fields {K~ [ I E A'} is 

linearly disjoint over K. Note that by Lemma 4.6 the set of fields {L, I l E A'} is 

linearly disjoint over L. Hence it suffices to prove 

LEMMA 4.8. Let L be a finite extension of  a field K. Let K~,. . . ,  K, be finite 
extensions of K and let Li = K,L. Suppose that K, is linearly disjoint from L over K 

for i = 1 , . . . ,  r, and L i , "  ", L, are linearly disjoint over L. Then K , , . . . ,  Kr are 

linearly disjoint over K. 

PROOF. 

[ K , ' " K , : K I > - - I L , " ' L , : L ] = ~  [L : L]  = lzI [K, : K I > - _ I K , . . . K , : K I  
i ~ l  i = l  

[K~ . . . K, : K ] =  ~ [K, : K] 
i = 1  

K ~ , . . . ,  K, are linearly disjoint over K. 

4.6. Some matrices computations 

Let R be an integral domain. Then 

(11) (R ×2, R2 )~  (D, R2), 

where D = D ( R )  is the group of all diagonal matrices in GL(2,  R).  Consider the 

set C = C ( R )  that consists of D and all the antidiagonal matrices 

(12) ( Oc bo ) b' c E R ×" 

It is easy to see that C is a subgroup of GL(2,  R)  and ( C : D ) = 2 .  

LEMMA 4.9. Let H be a subgroup o l d  and let G be a subgroup of GL(2,  R)  

that contains H such that (G : H)  < 2. I f  I R x j > (D : H),  then G is contained in 

C. In particular, if I R×I >= 2, then C is the unique subgroup of GL(2,  R)  that 
contains D as a subgroup of index 2. 

PROOF. It suffices to consider a matrix 

A(: 
in G - D and to prove that a = d = 0. Indeed, A s E D. Hence b(a + d) = 0 and 

c(a + d)  = O. 

Next we have that 
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(13) b g 0  or c # 0 .  

Hence a = - d .  

Next observe that the condition I R X I > ( D : H )  implies that H contains a 

matrix of the form 

The matrix A acts on H. Hence there exist u', v ' E  R × such that 

A - ' ( 0  v0)A = ( 0  ' v0,) 

(14) ua = u ' a and va = v '  a and vc = u ' c and ub = v 'b. 

If a #  0, then u = u'  and v = v'. Hence, by (13) and (14), u = v, which is a 

contradiction. Hence a = 0 and A has the form (12.) [] 

A matrix A of C belongs to S(C,  R 2) if and only if it has the characteristic 

value 1. Hence 

LEMMA 4.10. The set S (  C, R 2) consists o[ the matrices having one o[ the [orms : 

(o o, o) o, (o o) 
IA - I  , 

where u ~ R × 

4.7. Proof o f  (A") in case (ii) 

In this case Z,EA..1/I = oo. Let l~A". Then [L : K] = 2 and Ks = L,. Hence H, is 

a subgroup of G, of index 2. Also, we have by (10) and (11) that (/art, E t ) -  

(D(/),F~), where D ( / ) =  D(F,) is the subgroup of GL(2 , / )  consisting of all 

diagonal matrices. This isomorphism can be uniquely extended to an isomor- 

phism (G,, E~) -~ ( G ( l ) ,  F~), where G ( I )  is a subgroup of G(2, l) (see section 1.4). 

Clearly G ( l )  contains D ( l )  as a subgroup of index 2. Hence G(I)  = C ( I ) =  

C(F,), by Lemma 5.9. 

Define now the set S ' ( G ( I ) ,  F~) to be the set consisting of all matrices in G ( l )  

of the form 

or (O : )  
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Then S'(G(I),F~)C_S(G(I),F2), by Lemma 4.10. Further we have 

IS'(G(I), F~)I = 2(l - 1). Hence 

IS'(G(I),F~)I_ 1 1 
(15) IG(l)l - l _ 1 > ~ .  

Statement (A"I) follows. We proceed now with the proof of (A"2). Consider 

l ~ , . . - , / , E A " a n d  let n = l ~ - - - l , .  

LEMMA 4.11. (GN, E~)~(G(n),(Z/nZ)2), where G(n) is the subgroup of 
G(2, n) consisting of the diagonal matrices and all the matrices of the form 

(16) (~ ~)  

PROOF. For every 1 =< ] =< r we have the isomorphism 

(17) (G,,, tZl,) ---- (C(t,), (Z/l, Z)2). 

Let ~ and Oj be the points of E,j which are mapped on (1,0) and (0,1) 

respectively. Then (17) is induced by (P~, Q,). We know that E.  = @~=~E~,, where 

the projection E, --* El, is induced by multiplication by n/lj. It follows that one 

can choose generators P, Q for E, such that 

_rip n 
=P j  and ~ Q = O i  f o r j = l , . . . , r .  l, 

Thus we obtain the following commutative diagrams: 

(G~, E~) ---- , (G,(n) ,  (Z/n Z) 2) 

\ \ 
(H,.,E,) .. ~- , (D~(n),(Z/nZ) 2) 

, ( c ( t , ) ,  (Z/l, z )  ~) 

, (D (l,), (Z/l, Z) 2) 

(Glj, Etj ) [ ~-- 

(H,,, tz,,) 

where Dl(n) C_ G~(n) are subgroups of GL(2,  n). Now, K~,, • -., Kt, are linearly 

disjoint over L, by Lemma 4.6. Hence D~(n) is equal to D(n), the group of all 

diagonal matrices in GL(2, n). 

Let now o" • G~ - Hn and let 
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be  the matr ix  in G((n)  that  co r responds  to cr under  the above  i somorphism.  

Then  o" I K~j ~ G,j - Ill, for j = 1, . . . ,  r. H e n c e  if we deno te  by Aj the matr ix  A 

modu lo  l, we get that  

A, E C ( l , ) -  D(Ij) 

a ~- d ~- O mod lj 

a =-d ~-Omodn.  

for  j =  1 , . . . , r .  

for/" = 1 , . . . , r .  

(19) [K,, : K]  = [L : KI [K, ,  : L ]  = 2IZI (li - 1) 2, 
j = l  

by L e m m a  4.6. Hence ,  by (15), (18) and (19) we get 

I s'(n )l = [I  I s ,(o(t ,  ), (zn, z) )r 
l G ( n ) l  ,=, JO(l,)t 

This is exactly s t a t ement  (A"2). 

T h e  p roof  of (A") is thus comple ted .  

4.8. More matrices computations 

Let  R be an integral domain  and let w be an e l emen t  of a field extension of R 

satisfying an equat ion  w 2 -  gw - h = 0, where  g and h are e l ements  of R such 

(18) I S '(n)l  = 2 (-I (lj - 1). 
j = l  

Moreove r ,  

H e n c e  

We  consider  now the set S ' (n)  consisting of all, matr ices  A in G ( n )  that ,  when 

reduced  modu lo  lj, be long to S'(G(Ij) ,  (Z/l, Z)2), for j = 1 , . . . ,  r. By L e m m a  4.11, 

and by the Chinese  R e m a i n d e r  T h e o r e m ,  S ' (n)  consists of  all the matr ices  

where  v, b E ( Z / n Z )  ×. 

This  means  that  A has the fo rm (16). 

We have  thus p roved  that  D ( n )  C G,(n)  C_ G(n) .  One  observes  that the 

e l emen t s  b and c appear ing  in (16) must  be  invert ible in Z/nZ .  It follows that  

( G ( n )  : D ( n ) )  = 2. H e n c e  G~(n) = G(n) .  [] 
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that X 2 -  gX  - h is i r reducible  ove r  the quot ient  field of R. Every  e l emen t  of 

R[w] can be uniquely r ep resen ted  in the form x + yw, where  x, y E R. The  m a p  

x + yw---~ (x, y )  is the re fo re  an addit ive g roup  i somorph i sm of R[w] onto  R 2. 

Using the fo rmula  (a + bw )(x + yw)  = (ax + b y h ) +  (bx + ay + byg )w one  can 

p rove  directly that  

(20) (R [ w 1×, R [w l) = (I, R 2), 

where  I = I ( R )  is the subg roup  of G L ( 2 ,  R )  consisting of all the matr ices  

In this i somorph ism an e l emen t  a + bw of R[w]  × is m a p p e d  on to  the matr ix  B. 

Define  now J = J ( R )  to be the subg roup  of G L ( 2 ,  R )  consisting of I and all 

the matr ices  

(: -;h) . 

Note  that J - I is not emp ty  since it contains  the matr ix  with z = 0 and x = 1. 

LEMMA 4.12. Let H be a subgroup o [ I  and let G be a subgroup of GL(2 ,  R )  

that contains H such that ( G : H ) _ - < 2 .  I f  ( R [ w ] × : R ~ ) > ( I : H ) ,  then G is 

contained in J. In particular, i[ ( R [ w ]× : R ×) >= 2, then J is the unique subgroup o[ 

GL(2 ,  R )  that contains I as a subgroup of index 2. 

PROOF. It suffices to consider  a matr ix  

A ( x  :) 
in G -  I and to p rove  that  it belongs to J. Indeed ,  A 2 E  I, hence  

(22) ( x + u ) ( y - z h ) = O  and ( x + u ) ( x - u + z g ) = O .  

If x + u ~  0, then (22) implies that  y = zh and u = x + zg, hence A E I, against  

our  assumpt ion .  It follows that  x = - u, i.e. 

A ( :  : )  
Next  note  that  the assumpt ion  (R [w] × : R × )>  ( I  : H )  implies that  H contains  a 

non-sca lar  matr ix,  i.e. a matr ix  B of the fo rm (21) in which b #  0. T h e  matr ix  A 

acts on H. Hence ,  there  exists a matr ix  B 1 E  H such that  A -~ B A  = B,. H e n c e  

A B A  = A 2 B I E L  
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N o w  

[ x 2 a  + xyb  + x z b h  + y z a  + yzbg  
A B A  

i \ x z a  - x2b + z2bh - x z a  - x zbg  

H e n c e  

(23) 

(24) 

x y a  + y2b - x2bh - x y a  - xybg  

y z a  - x yb  - x z b h  + x2a + x2bg ] " 

x y a  + y2b - x2bh - x y a  - xybg  = x z a h  - x2bh + z2bh 2 - x z a h  - x zbgh ,  

x2a + xyb  + x z b h  + y z a  + yzbg  + x z a g  - x2bg + z2bgh - x z a g  - x z b g  2 

= y z a  - x yb  - x z b h  + x2a + x2bg. 

T h e  condi t ion b ~  0 implies that  (23) and (24) can be rewri t ten as 

(y - z h ) ( y  + z h  - xg)  = 0, and (2x + z g ) ( y  + z h  - xg)  = 0. 

If y + z h - x g ~ 0 ,  then y = z h  and 2 x + z g = 0 ,  hence A E / ,  against our  

assumpt ion .  It follows that  y = xg - zh.  [] 

LEMMA 4.13. In  the above  notation,  S(J ,  R 2) consists o f  the uni t  matr ix  and  the 

subset  W o f  J - L o f  all matrices  with de terminan t  - 1. Moreover,  i f  u runs over  a 

set o f  representatives in R × m o d u l o  { --- 1}, then u W  is a disjoint  un ion  and  it is 

con ta ined  in J - I .  

PROOF. Clearly S(J,  R z) = S( I ,  R 2) t_.l S ( J  - 1, R2).  Also S ( R [ w ]  x, R [ w ] )  con- 

sists of 1 only, since R [ w ]  is an integral  domain .  H e n c e  S( I ,  R 2) consists of the 

unit matr ix  only, by (20). 

Now,  a matr ix  

A-C x,-Zh)x 
of J - I be longs  to S ( J  - I, R 2) if and only if it has the character is t ic  value 1. This  

happens  exactly if det  A = - 1. 

If u E R ~ and A E J - / ,  then u A  E J - I and det ( u A )  = - u ~. It follows that 

if v ~ R x and o F  - u, then u A  N vA = 0 .  This  proves  our  second assert ion.  [ ]  

4.9. Proof  o f  (B") 

We  consider  only pr imes  l > 7 that  do not divide the discr iminant  6 of S and 

distinguish be tween  two cases: 

Case i. (6 /1)  = 1. By L e m m a  4.2, (Ht, E~) can be e m b e d d e d  in ( ( S / I S )  ×, S / I S )  

such that ( ( S / l S )  × : Ht )  =< 6. Fur the r  ( ( S / I S )  X, S / I S )  ~ ( D ( I ) ,  F~), by (3) and (11). 

H e r e  D ( l )  = D(F~), in the nota t ion  of section 4.6. It follows that  
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(25) (Ht, E,) = (H(l), ~), 

where H(l) is a subgroup of D(l) of index ---6. Further, (H~,E~) can be 

considered as a subgroup of (G,, El) of index =< 2. The isomorphism (25) can be 

therefore extended to an isomorphism (G~,E~)-~(G(I),F~), where H(l)C_ 
G(I) C GL(2,1)  and (G(I ) :  H(I)) <2 .  Also !F~' I = l -  1 >6->  ( D ( I ) : H ( I ) ) .  It 

follows from Lemma 4.9 that G(l) C C(l), where C(1) = C(F,), in the notation 

of section 4.6. The index of G (l) in C(l) is certainly not greater than 12. Hence 

(26) f G(/)I => ~(! - 1) 2. 

Moreover  S(G(I), F~) _C S(C(I), F~) and the last set consists, by Lemma 4.10, of 

all the matrices 

(0 ~) ,  (~ 0o) and (0_, 0 ) '  

where u E FT. Their number is 3(1 - 1 ) -  1. Hence 

IS(G(1), F~)I < 6(3(• - 1 ) -  1) < 20 
[G(l)l = ( l -  1) 2 l 

by (26). This is the desired inequality in (B") for case i. 

Case ii. (~/l)= - 1 .  As in case i, one proves, by the end of section 4.1, 

Lemma 4.2 and Lemma 4.12, that the following diagram of groups holds in 

GL(2, 1): 

1 2 j I  J ( l )  

o(l)  21 
,It) 

H(I) <-6 

Here H(l) and G(l) are, as above, the images of Ht and G,, respectively, 

I ( I ) =  I(F,) and J(l)=J(F~), in the notation of Section 4.8. Now IJ(l)l = 
21I(1)1 = 21F,~I = 2(12- 1). Hence 

12- 1 
(27) I G(l)t >= - - 6  

Next we know, by Lemma 4.13, that S(J(l), F~) consists of the unit matrix and 

the subset W(l) of J(l) - I(l) of all matrices with determinant - 1. Moreover, if 

we let u run over a set of representatives of F~'/{ ± 1}, then U uW(l) is a disjoint 

union in J( l ) - I ( l ) .  Since [F~'/{ ± 1}] =½(1-  1), we obtain that 
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l - I  
2 IW(1)I<=12-1" 

Hence I W(I)l<=2(l+ 1), hence 

(28) I s(J(O, F~)f_-< 2(t + 1) + 1. 

It follows from (27) and (28) that 

Is(~(t),F~)l < 6(2(/+ 1)+ 1) 20 
JG(/)I = 1~-1 < - T '  

This is the desired inequality for the case ii. The proof of (B") is now completed. 

4.10. Proof of (C") 

Let l be a prime. We embed (G,~,T~) in (GL(2, Z~),Z~) and show that 

S(G(I~),Z~) is a zero set in G(l®). 
Let L ,~= L(E~) and let H t - =  ~(L~o/L). Then H~® can be considered as a 

subgroup of G t ~ of index -<2. 

LEMMA 4.14. There exists an embedding 

(29) (H,~, T,) , ($7, St) 

such that ($7 :H~®)=<6. 

PROOF. By Lemma 4.2, there exists for every i _-> 1 an embedding 

(30) (H,,, E t') , ((S/I'S) ×, S/US) 

such that ((S/I'S) ×, Hv) = 6. Consider the diagram 

(H,,, E,,) , ((S/I'S) x, S/I'S) 
,p,O ~ ~ ,r,r, 
(H,,-,, Ev-,)  ((S/I'-'S) ×, S/l'-') 

where p is the restriction map and r is reduction modulo I~-~S. One observes 

that the kernel of (p, l) is embedded into the kernel of (r, r). Hence the diagram 

(39) can be completed in a canonical way to a commulatative diagram, by an 

embedding. 

This argument shows that if one denotes by L the non-empty finite set of 

embeddings (30), then there is a canonical map of L into I~-1. The L's together 

with this map form an inverse system. The inverse limit of this system is not 

empty. Every element of it induces the desired embedding (29). [] 
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We proceed by embedding St in GL(2,  Z,) and distinguish between two cases: 

Case i. l decomposes in Lo. We recall that So = Z[wo] and Wo satisfies an 

irreducible equation X 2 - goX - ho = 0 over Z. Let w[, be the other  root of this 

equation. Then Wo, w~E Zt and l Y ( w -  w~) (e.g. by Dedekind Theorem, cf. 

Lang [15, p. 27]), i.e. w0 - w,; is a unit in Z,. Now So~ = Zt @ So ~ Zt [g'o], where 

1, g'o are linearly independent elements over Q~ and #o 2 -  g o ' o - h o  = 0. One 

easily checks that the map 

a+b~o--*(a+bwo, a+bw~) (a, b E Z t )  

is a ring isomorphism Z~ [g'o] ~ Z~. Further St -'- Z, [f~'o]. Hence St is isomorphic 

Z,. t - {(a, b) E --- to the subring 2 _ Z~la b m o d f Z , }  of Z~. Denote  by D1(l ®) the 

group of all diagonal matrices in GL(2,  Zt) with (a b) as the principal diagonal 

for which a -- b mod fZ,. Then we have ($7, St) = (Dr (l=), Z~.I). Let also D(l®) = 
D~(I=)=D(Zt) (in the notation of section 4.6). Then, noting that 

(D(/®) : D t (l®)) <= f, we have, by Lemma 4.14, that (Hi-, T~) ~- (H(I~), Z~.t), where 

H(I ~) is a closed subgroup of D(l ~) of index -<6f. This isomorphism can be 

extended to an isomorphism (G~-,T,)~-(G(I=),Z~.t), where G(I ®) is a closed 

subgroup of GL(2,  Zt) that contains H(l ®) and (G(l=):H(l=))<=2. Clearly 

tzTI > 6f >- (D(l ®) : H(l®)). It follows from Lemma 4.9 that G(l ~) <= C(l=), 
where C(I®)=C(Zt), in the notation of Section 4.6, and we have 

(C(l®):G(l=))<-12f. Also S(G(I®),Z~.t)CS(C(I=),Z~). Hence, in order to 

prove that S(G(I=),Z~4) is a zero set in G(l=), it suffices to prove that 

S(C(I®), Z~) is a zero set in C(l®). 
Indeed, S(C(I®), Z~) is, by Lemma 4.10, the union of three subsets 

V , = { (  0 ~ ) ] u E Z T }  and V 2 = { ( ~  Ou) u ~ Z 7  } and 

VI and V2 are clearly closed subgroups of D(I®), hence of C(/=), of an infinite 

index. Hence they are zero sets in C(l=). V~ is a coset of the subgroup 

of D(l®). Since the index of V~ in D(l ®) is infinite, V3 is also a zero set in C(l®). 
Thus S(C(I®), Z~) is a zero set in C(l®). 

Case ii. l remains prime in Lo or I ramifies in Lo. In this case Lot is a quadratic 
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extension of Q,  Hence the irreducible equation X 2 -  g X  - h = 0 for w over Q 

remains irreducible over  Qs. It follows that St ~ Z~ [w] is an integral domain and 

( s ; ,  s , )  = (z, [w] x, z, [wl). 
The elements l + l ' w ,  i = 1 , 2 , 3 , . . ,  represent distinct cosets of Z~[w] × 

modulo Z•. Hence (Z,[w]× :Z~)>6=> (I(l®):H(l®)), by Lemma 4.14, and 

Lemma 4.12 is thus applicable. As in case i, we have only to prove that 

S(J(I~),Z~) is a zero set in J ( l ' ) .  Here  I(l®) = I ( Z , )  and J ( l ' ) =  J (Z, )  in the 

notation of Section 4.8. Indeed, by Lemma 4.13, S(J(I®),Z~) consists of the unit 

matrix and a subset W of J ( l  =) - I ( l  ®) of all matrices having determinant  - 1. W 

is therefore a closed subset. Moreover,  if u runs over a set of representatives of 

Z~/{-+ 1}, then U u W  is a disjoint union in J(l~). It follows that W is a zero set 

in J(l~), since Z~'/{ -+ 1} is certainly infinite. Thus S(J(l~),  Z 2) is a zero set in J ( l ' ) .  

The proof of (C") is completed and with it the proof of Proposition 1.2 in case 

I I I  is also completed.  

§5. The  absolute  invariant  j is contained in a finite field 

An elliptic curve E defined over a field K whose j-invariant belongs to a finite 

field K '  is isomorphic, over  a finite extension of K, to a curve E '  defined over K' .  

We first prove a stronger theorem for E '  than Proposition 1.2 and then deduce 

Proposition 1.2 for E from the stronger theorem for E ' .  

5.1. The stronger theorem for elliptic curves over finite fields 

We consider in this section an elliptic curve E defined over  a finite field K of 

characteristic p. It is well known that the group of all algebraic automorphisms,  

Aut E, of E is a finite group, the order of which divides 24. If e E Aut E, then 

ord e .is equal to 1, 2, 3, 4, or 6 (cf. Lang [16, pp. 301-304]). 

THEOREr~ 5.1. Let E be an elliptic curve defined over a finite field K. Then for 

almost all (o') E G ( K )  ~ we have: 

(A'") I[ e = 1, then for every finite e E Aut E there exist infinitely many 

P E E ( I ( )  such that trP = eP. 

(B'") Ire >-_ 2, then there exist only finitely many P @ E(I~)  for which there exist 

e l , ' "  ", ee E Aut E such that t~P = e~P for i = 1 , . . . , e .  

(C"') Ire = 1 and l is a prime, then there exist only finitely many P E E ~(I7() for 

which there exists an e ~ Aut E such that trP = eP. 

5.2. A generalization of Riemann Hypothesis for elliptic curves 

We shall imitate Hasse 's  proof of the Riemann Hypothesis  for elliptic curves 

(see Hasse [6] or Cassels [2, p. 241]). 
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Let A be a non-zero endomorphism of E which is defined over an extension L 

of K and let P be a generic point of E over L. Then the degree of h is defined as 

deg h = [L ( P ) : L  (h (P)]. It is a positive integer that does not depend on P and 

on L. The endomorphism h is said to be separable if L(P) /L (AP)  is a separable 

extension. In this case 

(1) I Ker h [ = deg h 

(cf. Cassels [2, p. 217]). One knows also that there corresponds to A an element 

,~ ~ End E such that 

(2) A,~ = .~A = deg A. 

The map A ~ X of End E into itself satisfies the following rules: 

A + # = A + ~  and mA=m,~ f o r r n E Z  

(cf. [2, p. 220]). It follows from (2) that if A,/z ~ End E and h , / z~  0, then 

deg (h +/z ) = deg A + deg/~ + A~Z + tz,~. Define therefore (Z,/z) = ½(X/2 +/xA). 

Define also (h ,0)= (0,/z) = 0. In this way one obtains a Q-valued symmetric 

Z-bilinear form on End E. Clearly (h, A)= deg A > 0 for h # 0. Hence if we 

define I A I = N/(A, h), we obtain the usual Cauchy-Schwartz inequality 

(3) I(A,/x)l _-< [A I" Itx I. 

We consider now certain special endomorphisms. First let e be an automor- 

phism of E. It is defined over a finite extension L of K. If P is a generic point of 

E over L, then L(eP)  = L (P)  and hence deg e = 1. 

Suppose that the order of L is q and denote by rr =rrq the Frobenius 

endomorphism defined by It(x) = xL Then 7r induces an endomorphism of E 

which we also denote by 7r. If (x,y) is an affine representative of P, then 

L(zrP) = L(x  q, y " ) =  L(x, y)q, hence deg 7r = [L(P):L(zrP)]  = q (see also Lang 

[16, p. 118]) and 7r is a purely inseparable endomorphism. Also 

L(P)  = L ( e e )  C_ L(rrP)L((e - ~r)P) C_ L(P).  

Hence L(P)qL((~ - rr)P) = L(P) .  It follows that L ( P )  is a separable extension 

of L((e - 7 r ) P )  (see Lang [14, p. 188]), hence e - r r  is a separable endomor- 

phism.* In particular we obtain that IKer(e - I t ) /=  (e - rr, e - 7r), by (1). Now 

(e -7r,  e - r r ) =  1 - q  -2 (e ,  7r) and [(~, 7r)l =< N/q, by (3). Therefore the follow- 

ing lemma has been proved. 

*This argument was suggested by Peter Roquette. 
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LEMMA 5.2. Let q be a power of p. Denote by N(q, e) the number of points P of 

E( I ( )  for which lrq (P) = eP. Then 

IN(q, e ) - q  - 11 <-2X/q. 

For  e = 1, one obta ins  the usual R i e m a n n  Hypo thes i s  for  elliptic curves.  A 

similar result for  curves  of arbi t rary  genus can be  found  in Bombie r i  [1, p. 430]. 

5.3. The operation of G ( K )  on A u t E  

The  points  that  occur  in L e m m a  5.2 are a lgebraic  over  K. We  show in this 

section that  their  degrees  ove r  K are bounded .  

The  smallest  field of definit ion for  the e lements  of Aut  E is ob ta ined  f rom K 

by adjoining roots  of  equat ions  of degrees  2, 3 and 4 with coefficients in K (see 

Deur ing  [4, section 2]). It follows that  the e lements  of Au t  E are def ined ove r  the  

unique extension L of K of degree  12. H e n c e  

(4) O . E G ( L )  and a ~ A u t E  ~ o.o~o--I = ~. 

If cr ~ G ( L ) ,  then o .ao ' - '  is in general  not equal  to a,  but  it is still an e l emen t  of 

Au t  E. We  the re fore  def ine o . ( a ) =  ~rc~o. -1. This  is a r ep resen ta t ion  of G ( K )  as 

an a u t o m o r p h i s m  g roup  of Au t  E. The  o rder  of  every tr, as an a u t o m o r p h i s m  of 

Aut  E, divides 12, by (4). 

More  general ly  we consider  a finite (mult ipl icat ive) g roup  B and deno t e  the 

set of all maps  of B into itself by T(B).  W e  in t roduce  addit ion and multiplica- 

tion to T(B)  by ( f +  g)(f l)  = f(/3)g(/3) and ( f - g ) ( / 3 )  = f(g(/3)). Define  also 

( - f ) ( / 3 ) = f ( f l ) - )  and 0( /3 )=  1 and 1(/3)=/3.  

These  opera t ions  satisfy the following rules: (i) Addi t ion  is associat ive (but not 

necessari ly commuta t ive ) .  (ii) 0 + g = g + 0 = g. (iii) f + ( - f )  -- ( - f )  + f -- 0. (iv) 

Mult ipl icat ion is associat ive.  (v) 1 • g -- g • 1 = g. (vi) f .  g -- 1 implies f and g are 

bijective.  (vii) ( f + g ) h  =fg +gh for  h E T(B).  (viii) 0 - f  = 0. (ix) I f f E  E n d B ,  

then f ( g  + h)  = fg + fh and f -  0 = 0. If tr E Au t  B and n is a posi t ive in teger  we 

define s, ,(o ')  = ET=~ o . " - '  = o -~- '  + o " - 2 +  . .  . +  1. 

This  is an e lement  of T(B).  Using the above  rules one finds that  

(5) smo(,O = 

LEMMA 5.3. If B is a finite group, k is a multiple of the exponent of B, tr is an 

element of Aut  B, l is a multiple of ord o" and m = kl, then 

(a) sm (o-) = 0, and 

(b) if n is relatively prime to m, then s,(o') is bijective. 
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PROOF. Note  first that  sk(1)(/3) = /3  k = 1 for  every /3 ~ B. H e n c e  sk(1) = 0. It 

follows, by (5), that  

s., (0 . )  = s~ ( 0 . ' ) s , ( 0 . )  = sk ( 1 ) s ( 0 . )  = 0 .  s , (0 . )  = o. 

In o rder  to p rove  (b) take  posi t ive integers  u, v such that  un -- m v  + 1. Then  

s .  ( o - " ) s .  ( 0 . )  = s . °  ( 0 . )  = 0 . " °  + s, .o ( , ~ )  = 1 + s , .  ( 0 . ° ) S o  ( 0 . )  = 1 + 0 . s o  ( o - )  = 1,  

by (5) and by (a). It follows that  s,(o-) is indeed bijective.  []  

We re turn now to our  elliptic curve E and prove:  

LEMMA 5.4. Let 0. E G ( K ) ,  a E Aut  E and P ~ E ( K ) .  Suppose that o-P = aP. 

Then o'~p = (s~(o-)(a))P for every i >- 1 and o ' " ' p  = p. 

PROOF. The  first fo rmula  can be rewri t ten ~is 

o"p = (o- ' - 'o t0 . ' - ' ) (o"-%eo '2- ' )  " ' "  (o 'ao ' - ' )aP 

and this can be easily p roved  by induction on i. For  the p roof  of  the second 

s t a t ement  recall that  a ' 2 =  1 and that  0 .'2 ope ra t e s  trivially on Au t  E. H e n c e  we 

have,  by L e m m a  5.3, that o-'44P = (O(a)P)  = P. [] 

5.4. Proof 4 (A'") 

D e n o t e  by K (2) and K TM the maximal  2 and 3 extensions  of K, respect ively.  

These  are infinite extens ions  and ¢g(K(2)/K) ~- Z2, ~3(K(3)/K) ~ Z3. It follows that  

G ( K  (~)) and G ( K  ~3)) are zero sets of G ( K ) .  Let S be the set of all o" 

( G ( K ) - G ( K C ' ) ) )  71 ( G ( K ) - G ( K ° ) ) )  such that  /~(0.) is an infinite field. Then  

/x(S)  = 1, by l e m m a  7.1 of [10]. We  p rove  that  every  0. E S satisfies (A'"). 

Indeed ,  let M = / ~ ( o ' ) .  Then  K(2) IZ M, and hence  K ~ ) 7 1 M  is a finite 

extension of K (cf. Ribes  [21, p. 57]). Similarly K (3> 71 M is a finite extension of 

K. Let  e @ Aut  E and let m be a posi t ive integer.  By L e m m a  5.2 there  exists a qo 

such that  N(q,  a )  >- m for  every p - p o w e r  q ___> qo and every a E Au t  E. T h e  field 

M is an infinite extension of K. H e n c e  one  can find a subfield L of M of o rde r  

q --> q0 that contains  both  K ~) f"l M and K (3) f'l M. For  every a E Au t  E there  

exist then points  P ~ , , . . - ,  P~,, in E ( / ~ )  such that  

(6) lrqP,,, = aP~ for  i = 1,- •., m. 

It follows f rom L e m m a  5.4 that  ,44 ", rrq P ~ = P ~  for  i = l , . ,  m. T h e  points  P~ 

belong there fore  to E ( L ' ) ,  where  L '  is the unique  extension of L of degree  144. 

The  degree  [ M : L ]  is relat ively p r ime  to 144, since K~2)71 M and K(3)71 M are  

conta ined  in L. It follows that  M is linearly disjoint  f rom L '  ove r  L. In par t icular  
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o" I L '  genera tes  the cyclic g roup  ~(L ' /L ) .  H e n c e  there  exists a posit ive integer  n 

which is relatively p r ime  to 12 such that o" [ L ' =  1r,~l L ' .  By L e m m a  5.3, s,(Irq)is 

a bi ject ive map  of Au t  E on to  itself. H e n c e  there  exists an a ~ Aut  E such that 

s,(~rq)(a) = e. It follows f rom L e m m a  5.4 and f rom (6) that o-Po, = 7rqp~, = 

(s.(Trq)a)P~, = eP~, for  i = 1 , ' "  ", m. 

Since m is arbi t rary ,  there  exist infinitely many  points  P ~ E ( / ~ )  such that  

crP = eP. 

5.5. Proof of (B")  

Let  e = 2 and deno te  by S the set of all (o') E G(K)" such t h a t / ( ( t r )  is a finite 

field. By l e m m a  7.2 of [10], S has the measure  1. We prove  that  every (o-) ~ S 

satisfies (B"). 

Indeed ,  the field M = / ( ( t r )  is finite with, say, q e lements .  T h e  g roup  G ( M )  is 

the re fo re  gene ra t ed  by the Froben ius  a u t o m o r p h i s m  ~r = rrq. In par t icular  there  

exist u,, • •., u, E 1; such that  

(7) o'~ = 7r"' for  i = 1, ."  ", e. 

On the o the r  hand,  the g roup  G (M)  is gene ra t ed  also by tr,, • •., o-,. H e n c e  there  

exist vt, • •., v, E Z such that  

( 8 )  ~ = o ' ; '  . . . .  o '~ . .  

Raising equali t ies (7) and (8) to the 144-th power ,  one sees that  M ' =  

/((o'1~", .- .,o'~ " )  = / ~ ( r r  ~") is the  unique extension of M of degree  144. 

Let  now P be a point  of E ( / ( )  for  which there  exist et, • • ", e, ~ Aut  E such 

that  o'iP = e,P for  i =  1 , . . . , e .  By L e m m a  5.4, o '~"P = P for i =  1 , . . . , e .  It 

follows that  P E E(M') .  But M '  is a finite field, hence E(M' )  is a finite group.  It 

follows that  there  are only finitely many  such P ' s .  

5.6. Proof of (C")  

Recall  that  an elliptic curve E defined over  a field K of character is t ic  p is said 

to be  super singular if End  E is a n o n - c o m m u t a t i v e  ring. In this case Tp = Ep® = 

0. If E is not super  singular,  then Tp ~ Z e and Gp-  is i somorphic  to a subgroup  

G(p ~) of Z~ (cf. Robe r t  [22, p. 123]). 

LEMMA 5.5. Let K be a finite field and let E be an elliptic curve defined over K. 

Let l be a prime such that T~ ~ O. Then G ~ = Z~ × H, where H is a finite cyclic 

group whose order is prime to I. 

PROOF. The  g roup  G ~ - =  ~ ( K H K )  is an infinite subgroup  of 7.. H e n c e  it is 
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pro-cyclic. Suppose  first that l ~  p. Then  G(l ~) is an infinite pro-cyclic subgroup  

of  GL(2 ,  Zt). We prove that G(I~)-~Z~ × H, where H is as above.  

For  i => 1, let N~ = {A @ GL(2 ,  Z~) IA - I m o d l ' } ,  where I is the 2 x 2 unit 

matrix. Then  N~ are open  normal  subgroups  of GL(2 ,  Zt). Let A = I + l 'A'  and 

B = I+ PB' be two e lements  of  N,. Then A B  =--I+ P ( A ' + B ' ) m o d U  ÷~. It 

follows that the map A m A '  induces an i somorphism N,/N~+, = (Z/IZ) 4. 

Hence,  for N = N,, we have that (N : N~+,) = / " .  Also N ~ lim N / N ,  hence N 
<_._ 

is a pro- /  group.  

Let now r = (GL(2,  Z ~ ) : N )  and let A be a gene ra to r  of G(l~). Then A '  E N 

and hence  o r d A '  must be a power  of l, which is necessarily l ®, since G ( I  =) is 

infinite. It follows that ord A = kl ~, where  k is relatively pr ime to I. This means  

that G(l®)=Z~ × H, where H is a cyclic g roup  of  o rder  k. 

If l = p ,  then G(p ®) is an infinite pro-cyclic subgroup of Z~,. Now Z~, = 

Zp x Z/(p - 1)Z if p # 2, and Z~ - Z2 x Z/2Z. The  proof  can be carried on as 

above,  replacing N by Zp. [ ]  

END OF PROOF OF (C"). By L e m m a  5.5 there exists a field K '  such that 

K C K '  _C K~ ® and [ K ~  : K ' ]  < ~ and ~(K ' /K)  ~ Z~. If L is an infinite extension 

of K which is conta ined in K ' ,  then L = K, since Zt has no closed finite 

subgroups except 1. Also G(K') is a zero set in G(K). We show that every 

or E G ( K ) -  G(K')  satisfies (C"). 

Indeed,  suppose that or E G ( K ) -  G ( K ' )  and that there exist infinitely many 

P E E t  ~ for which there exists an e E Aut  E such that orP = eP. For  every such P 

we have orl,~p = p, by L e m m a  5.4. It follows that Kt®t~/~(or,,4) is an infinite 

field, since E(K~®N/~(o-144)) is an infinite set. Hence  also K'~/~(or~44) is an 

infinite field, since [K,~:K']<~.  It follows that K 'C/~(or144) .  Hence  

[K': K'N/~(or)] _-< [/~(orJ44) : / ( (o-)]  -< 144. Thus  K '  N/~(or)  is also an infinite 

field and hence  K '  _C /('(or). This however  contradicts  the assumption that 
or~: G(K'). 

5.7. Proof of Proposition 1.2 in Case IV 

We return now to the case where  the elliptic curve E is defined over  a field K 

which is finitely genera ted  over  Fp and such that FpQ') is a finite field. Then  there 

exists an elliptic curve E '  defined over  Fp(j) which is isomorphic  to E over  a 

finite extension L of  K. Let & : E ~ E '  be an isomorphism.  Then  & induces an 

i somorphism of groups  & : E,o,---~ E'(~'p). If or ~ G(K), then or o & o or-'  is also an 

i somorphism f rom E to E ' .  There fo re  there exists an au tomorph i sm e = e~ of 

E'  such that or o ~b o or- '  = e o &. It follows that if P E F,o, and P' = &(P) ,  then 
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(9) orP = P ~ orP' = e P ' .  

Let now K ' =  ~'p f3 K. Then Fp(j)C K', and the lifting of every subset of 
G ( K ' )  e of measure 1 to G ( K )  e is again a set of measure 1. Parts (B) and (C) of 

Proposition 1.2 follow therefore from Theorem 5.1 for E' and K', by (9). It 

follows also that E,or(/((or)) is infinite for almost all or E G ( K ) .  If we combine 

this result with (C) we get that almost all or E G ( K )  have the property that 

E,or(/((or)) is infinite and that E,-(/((or)) is finite for every 1. Hence, by Lemma 

1.3, there exist infinitely many l such that E,( / ( (or))g  0. 

The proof of Proposition 1.2 is completed. 
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